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Non-linear classical equations of motion may admit degenerate solutions at ﬁxed charges. Whereas the 
solutions with lower energies are classically stable, those with larger energies are unstable and are 
referred to as Q-clouds. We consider a theory in which a homogeneous charged condensate is classically 
stable and argue that Q-clouds correspond to sphalerons between the stable Q-balls and the condensate. 
For a model with an analytical solution, we present the Arrhenius formula for the quantum production 
of Q-balls from a condensate at high temperatures.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
In the theory of a complex scalar ﬁeld with global U(1) invari-
ance, localized stationary solutions to the classical equations of 
motion exist. These solutions of non-linear equations correspond 
to nontopological solitons; see [1] for a review. In the theory of 
a scalar ﬁeld in three spatial dimensions, these solitons are called 
Q-balls and have been thoroughly investigated in [2]. The numer-
ous applications of Q-balls in cosmology (see, for example, the 
book [3]) raise a question regarding the mechanisms of their for-
mation, which can be answered in various ways [4–8]. The crucial 
feature of these mechanisms is the presence of the classically un-
stable homogeneous charged condensate, whose decay leads to the 
formation of (quasi-)stable localized conﬁgurations. The classical 
clumping of the condensate is, thus, the dominant channel of pro-
duction of nontopological solitons.
In this paper, we revise the conditions of classical stability of 
the solutions in theories with scalar ﬁeld potentials. We show that 
a certain class of potentials admits both the classically stable con-
densate and stable Q-ball conﬁgurations. This implies the possible 
existence of another mechanism of transitions between these solu-
tions [9]. Typically, there are two localized solutions for the same 
charge. One of these solutions may correspond to a stable Q-ball, 
whereas the other can represent an unstable conﬁguration, which 
has been referred to as a Q-cloud [10]. Stable and unstable so-
lutions are arranged into branches in energy-charge coordinates. 
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SCOAP3.In this case, the upper branch contains Q-clouds and the lower 
branch consists of Q-balls. In the ﬁnite-volume theory, there are 
also branches of the condensate solutions that are degenerate in 
charge. We will argue that Q-clouds correspond to the sphalerons 
between two stable solutions with equal charge. The production of 
Q-balls from a stable condensate is therefore possible, at least at 
ﬁnite temperatures. The rate of production is determined by the 
Arrhenius formula, and the sphaleron energy is a crucial quantity 
in its evaluation.
The paper is organized as follows: In Section 2, we summa-
rize the features of Q-balls using the dependence of a soliton’s 
energy on its charge. In Section 3, the issue of condensate stabil-
ity is revisited. In Section 4, we examine small excitations around 
nontopological solitons in a toy model. In Section 5, the Arrhenius 
formula is presented for the theories in one and three spatial di-
mensions.
2. Different branches for classical solutions
In this section, we will consider several properties of Q-balls 
in inﬁnite and ﬂat four-dimensional space–time. We will use the 
following form of the Lagrangian for the theory of a complex scalar 
ﬁeld φ:
L= ∂μφ∗∂μφ − V (|φ|). (1)
The potential V is assumed to be a function of the U (1)-invariant 
combination φ∗φ; however, for convenience, we deﬁne it here 
through an explicit dependence on the ﬁeld moduli. The general 
conditions for the existence of localized stationary conﬁgurations 
of the form
φ(t, x) = f (r)eiωt (2) under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
288 E. Nugaev, A. Shkerin / Physics Letters B 747 (2015) 287–291Fig. 1. E(Q ) plot for a Q-ball in (3 + 1)-dimensional theory, m2 > 0, M/m = 10. The 
dashed line corresponds to free particles with E = MQ .
were derived in [2]. As was shown in [11], which was probably the 
ﬁrst work on Q-balls, for the piecewise parabolic potential
V (|φ|) = M2φ∗φ θ
(
1− φ
∗φ
v2
)
+ (m2φ∗φ + v2(M2 −m2))θ
(
φ∗φ
v2
− 1
)
, (3)
one can obtain an exact solution. Moreover, there is a possibility 
for the explicit analysis of excitations around this solution [12]. 
The piecewise parabolic potential is a convenient model for many 
realistic potentials. For instance, by setting m2 to zero, one obtains 
a class of potentials with ﬂat directions, which arise naturally in 
supersymmetric theories (in the context of Q-balls, they are dis-
cussed, e.g., in [13–16]).
To describe the general properties of Q-balls, it is useful to con-
sider the dependence of the energy E of a soliton on its charge Q . 
Using the ansatz deﬁned in (2), these quantities are given by
E =
∫
d3x(ω2 f 2 + (∂i f )2 + V ( f )), Q = 2ω
∫
d3xf 2. (4)
We are interested in non-negative values of m2 (m2 ≥ 0). However, 
it should be noted that in the opposite case, m2 < 0, the properties 
of the stable solutions, if they exist, are different1 only for large Q . 
The plot shown in Fig. 1 is very typical of the broad class of non-
topological solitons; see [18], for example. There is upper branch of 
unstable Q-clouds [10] and a branch of stable solutions with lesser 
energies at the same charge.
The less trivial characteristic of Q-clouds is the number of un-
stable modes. In the work [12], only one mode was found for the 
potential given in (3).
3. Stability of the condensate
Classical equations of motion also have spatially homogeneous 
solutions. However, to obtain ﬁnite values of their charge and en-
ergy, one should regularize the theory by placing it on a compact 
manifold. We will consider the theory in one spatial dimension 
and assume periodic boundary conditions for φ and φ∗ . Let us 
study the charged solutions of the form
φ0 = Ceit, (5)
where C is some constant and  is determined from the equations 
of motion,
1 Negative values of m2 can be used for the qualitative analysis of Q-balls in the 
theory with an additional vacuum, φ∗φ = 0, of potential V ; see [17] for details.2 = 1
2C
V ′(C).
The charge and energy of the conﬁguration given in (5) are ex-
pressed through the constant C and the size L of the spatial S1
manifold. The crucial feature of a charged condensate for the clas-
sical production of solitons was discussed in [19] for a model with 
negative quartic coupling. In that case, the classical instability of 
(5) corresponds to the instability of the condensate in a Bose gas 
with attraction. Analysis for an arbitrary potential V — see, for ex-
ample [3] — yields the following condition of instability for (5)2:
V ′′(C) − V
′(C)
C
< 0. (6)
For the potential given in (3), this condition is obviously violated, 
and the condensate is stable. However, the choice of the piecewise 
parabolic potential is not crucial for the classical stability of (5). 
For example, one can regularize θ functions in (3), according to 
the rule
θ
(
φ∗φ
v2
− 1
)
→ 1
2
(
1+ tanh
[
α
(
φ∗φ
v2
− 1
)])
, (7)
where α is some large constant. The condition given in (6) is still 
violated for |C | < v , and a stable condensate exists with an arbi-
trarily large charge density in the limit L → ∞. We see that the 
stability of the homogeneous solutions of the form (5) is not a re-
sult of the particular choice of potential (3) but rather a general 
property of a broad class of potentials whose representative model 
is the piecewise parabolic potential. Classically, the formation of 
Q-balls in such potentials is forbidden (at least in a range of Q
where the condition given in (6) is violated), although the soliton 
solutions are more energetically preferable. Note also that for large 
charges, some of the solitons can also be classically stable, as in 
the case of the potential given in (3).
4. A toy model: nontopological solitons on a circle
We now turn to a simple model that is suitable for illustrat-
ing the relations between stable Q-balls, unstable Q-clouds, and a 
stable condensate. For this, we reduce the number of spatial di-
mensions to one and label that dimension as x. The ansatz reads 
as follows:
φ(x, t) = f (x)eiωt . (8)
The energy and charge of this conﬁguration are
E =
∫
dx(ω2 f 2 + f ′ 2 + V ( f )), Q = 2ω
∫
dxf 2. (9)
After the substitution of (8) into the classical equation of motion, 
one obtains
f ′′ + ω2 f = dV
d( f 2)
f . (10)
We assume that the length of the circle is L and that x ∈
(−L/2, L/2). With the potential deﬁned in (3), the periodic so-
lution f (−L/2) = f (L/2) is given by
f =
⎧⎪⎪⎨
⎪⎪⎩
v
cosax
cosax0
, | f | > v, a2 = ω2 −m2 > 0,
v
coshbx
coshbx0
, | f | < v, b2 = M2 − ω2 > 0.
(11)
2 The generalization of this condition for the expanding Universe is also possi-
ble [5].
E. Nugaev, A. Shkerin / Physics Letters B 747 (2015) 287–291 289Fig. 2. E(Q ) plots for different values of L. The dashed lines represent the condensate solutions, and the solid lines represent Q-balls. We set M = v = 1 and m = 0.1. a) L = 1, 
b) L = 8.Here, x0 is a matching point deﬁned by the following equation:
a tanha(x0 − L/2) = −b tanbx0,
which is obtained from the requirement of the continuity of both 
f and its derivative at this point. The shape of the function f
depends on the particular choice of ω, for which we require 
m < ω < M . Thus, one can formally write f = f (x, ω). Using the 
expressions given in (9), one can obtain
dE
dω
= ωdQ
dω
. (12)
This condition is known to hold for many different Q-ball solutions 
[18,1,20]. It provides a useful check on numerical calculations and 
indicates that E and Q , as functions of ω, can have only simulta-
neous extrema.
In the case in which we are interested, m2 > 0, there are two 
families of stable condensate solutions:
φ =
{
CeiMt, |C | < v,
Ceimt, |C | > v. (13)
The important relations between these solutions and Q-balls can 
be established through investigation of their E(Q ) dependence. 
In Fig. 2, we present this dependence for various choices of pa-
rameters. The properties of Q-balls depend signiﬁcantly on the 
value of L. For L < Lc ∼ 1/M , the Q-ball conﬁgurations form a sin-
gle branch, whose ends are attached to the condensate lines. For 
L > Lc , the picture is qualitatively different. There are now three 
branches of Q-balls with different signs of d2E/dQ 2. As we will 
see, the branch with the negative sign is stable. The cusp points 
that separate the branches correspond to the simultaneous ex-
trema of dQ /dω and dE/dω, in agreement with Eq. (12).
In the limit L → ∞, the only relevant solutions are those that 
maintain ﬁnite values of E and Q . It can be shown that only the 
vicinity of the lower cusp is relevant in this case. Indeed, for the 
homogeneous solutions given in (13), both E and Q are propor-
tional to the size L, in contrast to the lower branch of Q-balls. 
Certainly, the dependence E(Q ) for relatively small charges in this 
limit reproduces Fig. 1 for inﬁnite space.3
Our topic of interest is the stability of the relevant solutions 
with equal charge, in the limit L → ∞. For this purpose, the po-
tential given in (3) is very useful because it allows for analytical 
investigations not only for the background solutions but also for 
small excitations around them.
3 For the potential given in (3), the dependencies E(Q ) are qualitatively similar 
in the cases of one and three spatial dimensions [12].Let us justify the previously invoked notion of stable and unsta-
ble branches. We will use the following ansatz [21] for excitations:
h(x, t) = eit
(
f1(x)e
iαt + f ∗2 (x)e−iα
∗t
)
, (14)
where f1,2 are complex functions and α = −iγ + γ ′ , with 
γ , γ ′ ∈ R. For the background Q-ball solution (8), the linearized 
equations for perturbations are⎧⎪⎪⎪⎨
⎪⎪⎪⎩
f ′′1 + (ω + α)2 f1 = U f1 + (m2 − M2)δ
(
1− f
2
v2
)
( f1 + f2),
f ′′2 + (ω − α)2 f2 = U f2 + (m2 − M2)δ
(
1− f
2
v2
)
( f1 + f2),
U = M2θ(x0 − x) +m2θ(x− x0). (15)
The analysis of this system can be reduced to the consideration 
of a system of linear equations. We ﬁnd solutions of Eq. (15) for 
|x| < x0 and x0 < |x| < L/2 separately and then match them at the 
point x = x0. Because of the presence of delta functions, these solu-
tions are continuous but not smooth at this point. In each interval, 
the general solution of Eq. (15) contains two arbitrary constants. 
The boundary conditions ﬁx one of them. At x = x0, Eq. (15) forms 
a system of linear homogeneous equations for the remaining con-
stants. Hence, a solution exists if the determinant of this system, 

 = 
(α), equals zero for some value of α.
The equation 
(α) = 0 has at least one solution, α = 0, which 
corresponds to zero modes. One of them has the form h ∼ i0
and arises because of the U(1) symmetry of the action. An ad-
ditional mode appears as a result of the breaking of the transla-
tional invariance by the Q-ball conﬁguration, h ∼ ′0. This implies 
that 
(0) = 
′(0) = 0. Calculations indicate that the existence of 
a nonzero root of 
(α) is correlated with the sign of ∂2E/∂Q 2. 
Namely, for a Q-cloud with ∂2E/∂Q 2 > 0, there is exactly one 
purely imaginary root α = −iγ . For a soliton with ∂2E/∂Q 2 < 0, 
no roots are found. Thus, we can indeed refer to the stable and 
unstable branches of E(Q ) plots. In the limit L → ∞, this is con-
sistent with the results of the work [12].
The typical dependence of γ on ω for two particular values of L
is shown in Fig. 3. As ω approaches m or M , the lifetime τ ∼ γ −1
of the solution tends toward zero. This strengthens our suspicion 
of the existence of a classical path connecting such a Q-ball and 
the condensate solution lying directly below it.
5. Sphaleron transitions
For suﬃciently large Q , there are three solutions for the same 
charge in the compactiﬁed model in the limit L → ∞, as shown 
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Fig. 4. a) E(Q ) plot for (1 + 1)-dimensional compactiﬁed Q-balls with ﬁnite values of Q and E in the limit of large L. The parameters for this example: M = v = 1, m = 0.1, 
and L = 20. b) E(Q ) plot for Q-balls living on a 3-dimensional sphere of circumference L = 10, for m2 > 0 and M/m = 10. The dashed lines correspond to the condensate 
solutions.in Fig. 4 a. Two of them are stable, and the third corresponds to 
an unstable Q-cloud. The presence of precisely one negative mode 
for Q-cloud allows for its interpretation as sphaleron. It is a sad-
dle point between two stable solutions. Sphalerons play a key 
role in transitions between stable conﬁgurations at high temper-
atures [22]. Here, we wish to provide some general considerations 
of such transitions. Their detailed analysis is impossible without 
plunging into particular cosmological models and will be a subject 
of our future work. It should be mentioned that it is the compacti-
ﬁcation of the theory that makes this analysis appropriate, because 
for inﬁnite space, the E and Q of the condensate are unbounded 
above. Setting the model on a circle also clariﬁes the sphaleron 
physics for time-independent vacua [23].
Now, let us place our system in a thermal bath of tempera-
ture T . Select the charge Q 0 for which (and, thus, for any Q > Q 0) 
T  
E = EQ-cloud − Econdensate. In this case, the dominant chan-
nel of the transition from the condensate to the Q-ball is the 
sphaleron channel. To leading order, the decay rate of the conden-
sate is given by the Arrhenius formula,  ∼ exp(−
E/T ). In the 
limit of small b, this formula reads
1+1 ∼ e
− v
2b
2T
(
1+ O
(
b2
T
))
. (16)
Thus far, we have considered (1 + 1)-dimensional periodic solu-
tions. It is not diﬃcult, however, to perform the same calculation 
for (3 + 1)-dimensional periodic solutions; see Fig. 4 b. Under the 
same assumptions, this leads to the following result:3+1 ∼ e
− π
3v2b
2(M2 −m2)T
(
1+ O
(
b2
T
))
. (17)
Let us clarify the applicability conditions of the formulas given in 
(16) and (17). They describe the transition from one stable conﬁg-
uration to another, meaning that the theory should allow for the 
existence of two stable solutions and one unstable solution at cer-
tain values of Q . The conservation of charge determines the ﬁeld 
amplitude C of the initial conﬁguration through Q = 2MC2L3. Sec-
ondly, the temperature should be high compared with the height 
of the barrier. Finally, there should be thermal equilibrium among 
other species coexisting with the ﬁeld φ.
6. Conclusion and acknowledgments
In inﬁnite space–time, transitions from a classically stable con-
densate of charge Q = 2MC2L3 to the stable Q-ball of the same 
charge at ﬁnite temperature can be described using the unstable 
Q-cloud solution. For suﬃciently high temperatures, the transition 
rate given by (17) per unit time and in a volume L3 can be used. 
We clarify our consideration via compactiﬁcation of the theory 
such that both the initial and ﬁnal conﬁgurations can be regarded 
as ﬁnite-energy solutions of the classical equations of motion.
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